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Statistical Inference on Predictive
and Causal Effects in
High-Dimensional Linear
Regression Models

"The partial trend regression method can never, in-
deed, achieve anything which the individual trend
method cannot, because the two methods lead by
definition to identically the same results."

(An in-words restatement of the FWL theorem.)

— Ragnar Frisch and Frederick V. Waugh [1].

Here we discuss inference on predictive effects using Double
Lasso methods, where we use Lasso (at least) twice to residual-
ize outcomes and a target covariate of interest whose predictive
effect we’d like to infer. Double Lasso methods rely on the ap-
proximate sparsity of the best linear predictors for the outcome
and for the target covariate. The resulting estimator concentrates
in a 1/4/n neighborhood of the true value and is approximately
Gaussian, enabling the construction of confidence bands. We
explain the low bias property of the Double Lasso method
using Neyman orthogonality, and isolate the latter as a critical
property for further generalizations.
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4.1 Introduction

We recall the predictive effect question:!

» How does the predicted value of Y change if a regressor
D increases by a unit, while other regressors W remain
unchanged?

As before, we denote the set of regressors as X = (D, W). In
Chapter 1, we discussed how we could use the population
regression coefficient corresponding to the variable D, denoted
a, to answer this question. We also discussed how to estimate
this effect and construct confidence intervals with regression.
Now we turn to estimation and construction of confidence
intervals for a in the high-dimensional setting, using the tools
we developed in Chapter 3.

Here we focus on using Lasso methods. We can use other
penalized methods with the caveat that theoretical guarantees
are not available unless we perform additional data splitting.
We will discuss the use of data splitting and more general
machine learning methods in detail when we introduce "double
machine learning" or "debiased machine learning" in Chapter
10.

4.2 Inference with Double Lasso

Inference on One Coefficient

The key to inference will be the application of Frisch-Waugh-
Lovell partialling-out. Consider the simple predictive model:

Y=aD+p'W +eg, (4.2.1)

where D is the target regressor and W consists of p controls.
After partialling-out W,

Y=aD+e, E[eD]=0, (4.2.2)

where the variables with tildes are residuals retrieved from
taking out the linear effect of W (practically, via linear regres-
sion):

V=Y -y{uW, yvw €argminE[(Y -y W)’],

D =D-ypwW, yow €argminE[(D -y'W)?).
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1: We discuss assumptions and
modeling frameworks under which
the predictive effect question has
a causal interpretation in detail in
Chapter 5 through Chapter 8. Un-
der the framework developed in
those chapters, the tools in this
chapter offer one approach to per-
forming statistical inference for
causal effects. Here, we simply note
that we may be interested in provid-
ing statistical inference for predic-
tive effects regardless of whether
they have a causal interpretation.
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a can then be recovered from population linear regression of Y
on D:

a= argmiﬂg E[(Y — aD)?] = (E[D?])'E[DY].
ae
Note also that 4 = a solves the moment equation:

E[(Y —aD)D] = 0.

We now consider estimation of & in a high-dimensional setting.
For estimation purposes, we maintain that we have a random
sample {(Y;, X;)}!'_ | where X; = (D;, W;).

To estimate a, we will mimic the partialling-out procedure in
the population in the sample. In Chapter 1, where p /1 was small,
we employed ordinary least squares as the prediction method in
the partialling-out steps. We are now considering cases where
p/n is not small, and we instead employ Lasso-based methods
in the partialling-out steps.

The estimation procedure for a target parameter « in a high-
dimensional linear model setting can be summarized as fol-
lows:

The Double Lasso procedure:

1. We run Lasso regressions of Y; on W; and D; on W;

Pyw = arg ;r;ﬂg; 2=y WP+ A >yl
i j

eR? ;

Ypw = arg )r/nin DUDi—y' Wi + Az Z]: E@]D lvil,
and obtain the resulting residuals:

Y =Y - P Wi,

v

D;=D; - ]?;:)WWI‘.

In place of Lasso, we can use Post-Lasso or other
Lasso relatives (the Dantzig selector, square-root
Lasso, and others).

2. We run the least squares regression of Y; on D; to
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obtain the estimator &:

@ = argminkE, [(Y —aD)]
aflR oL (4.2.3)
= (E,[D?])'E,[DY].

We can use standard results from this regression,
ignoring that the input variables were previously
estimated, to perform inference about the predictive
effect, a.

Good performance of the Double Lasso procedure relies on
approximate sparsity of the population regression coefficients
Yyw and ypw, with a sufficiently high speed of decrease in the
sorted coefficients and on careful choice of the Lasso tuning
parameters. For approximate sparsity, we will impose that the
sorted coefficients satisfy

lyywlj) < Aj™"and  [ypwlj) < Aj™

fora >1andj=1,...,p.2 Under these sparsity conditions,
we can use the plug-in rule outlined in Chapter 3 for choosing
A1 and A;. Importantly, using these tuning parameters theoreti-
cally guarantees that we produce high quality prediction rules
for D and Y while simultaneously avoiding overfitting under
approximate sparsity. Absent these guarantees, we cannot theo-
retically ensure that first step estimation of D and Y does not
have first-order impacts on the final estimator &. Practically,
we have found that Lasso with penalty parameter selected via
cross-validation can perform poorly in simulations in moder-
ately sized samples. We return to this issue in Chapter 10 where
we discuss a method that allows the use of complex machine
learners, including Lasso and other regularized estimators, and
data-driven tuning (e.g. cross-validation).

The following theorem can be shown for the Double Lasso
procedure:

Theorem 4.2.1 (Adaptive Inference with Double Lasso in
High-Dimensional Regression) Under the stated approximate
sparsity, the conditions required for Theorem 3.2.1 (e.g. restricted
isometry), and additional regularity conditions, the estimation error
in D; and Y; has no first order effect on &, and

Vn(a& — a) ~ VnE,[De]/E,[D*] £ N(0,V),
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2: Note that in this case the effec-
tive dimension s of the problem is
s & AV 20 < pl/2 Intuitively,
the effective number of non-zero
coefficients grows slower than /1.
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where
V = (E[D*]))"E[D*¢*|(E[D*]) "

The above statement means that & concentrates in a \/W -
neighborhood of a, with deviations controlled by the normal
law. Observe that the approximate behavior of the Double Lasso
estimator is the same as the approximate behavior of the least
squares estimator in low-dimensional models; see Theorem
1.3.2 in Chapter 1.

Just like in the low-dimensional case, we can use these results
to construct a confidence interval for «. The standard error of &
is

V/n,

where V is a plug-in estimator of V. The result implies, for
example, that the interval

[& +1.964/V/n]

covers a about 95% of the time.

Application to Testing the Convergence
Hypothesis

We provide an empirical example of partialling-out with Lasso
to estimate the regression coefficient « in the high-dimensional
linear regression model:

Y=aD+B'W +e.

In this example, we are interested in how economic growth
rates (Y) are related to the initial wealth levels in each country
(D) controlling for a country’s institutional, educational, and
other similar characteristics (W).

The relationship is captured by a, the "speed of convergence/-
divergence," which predicts the speed at which poor countries
catch up (a < 0) or fall behind (a > 0) rich countries, after
controlling for W. Here, we are interested in understanding
if poor countries grow faster than rich countries, controlling
for educational and other characteristics. In other words, is the
speed of convergence negative: Is a < 0?

In our data, the outcome (Y) is the realized annual growth
rate of a country’s wealth (Gross Domestic Product per capita).
The target regressor (D) is the initial level of the country’s
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R Notebook on Double Lasso for
Growth Convergence and Python
Notebook on Double Lasso for
Growth Convergence provides
code for the convergence hypothe-
sis example.

a < 0 corresponds to the Con-
vergence Hypothesis predicted by
the Solow growth model. Robert
M. Solow is a world-renowned
MIT economist who won the Nobel
Prize in Economics in 1987.


https://colab.research.google.com/github/CausalAIBook/MetricsMLNotebooks/blob/main/PM2/r_convergence_hypothesis_double_lasso.irnb
https://colab.research.google.com/github/CausalAIBook/MetricsMLNotebooks/blob/main/PM2/r_convergence_hypothesis_double_lasso.irnb
https://colab.research.google.com/github/CausalAIBook/MetricsMLNotebooks/blob/main/PM2/python_convergence_hypothesis_double_lasso.ipynb
https://colab.research.google.com/github/CausalAIBook/MetricsMLNotebooks/blob/main/PM2/python_convergence_hypothesis_double_lasso.ipynb
https://colab.research.google.com/github/CausalAIBook/MetricsMLNotebooks/blob/main/PM2/python_convergence_hypothesis_double_lasso.ipynb
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wealth. The controls (W) include measures of education levels,
quality of institutions, trade openness, and political stability
in the country. The sample, which is based on the Barro-Lee
data set [2], contains 90 countries and about 60 controls. Thus
p = 60,n =90 and p/n is not small. We expect the least squares
method to provide a poor/ noisy estimate of a. We expect
the method based on partialling-out with Lasso to provide a
high-quality estimate of a.

Estimate Std. Error 95% CI
OLS -0.009 0.032 [-0.073, 0.054]
Double Lasso  -0.045 0.018 [-0.080, -0.010]

Least squares provides a rather noisy estimate of convergence
speed, which does not allow drawing strong conclusions about
the convergence hypothesis. For example, the 95% confidence
interval is wide and includes both positive and negative val-
ues. Given that p/n is not small in this example, we should
also be highly skeptical of the OLS results and especially the
standard error. For example, [3] show that conventional robust
standard errors are not even consistent in linear models when
p/n is not small. In sharp contrast, Double Lasso provides
a precise estimate for which we can obtain theoretically jus-
tified inferential statements even though p/n is not close to
0. The Lasso-based point estimate is —4.5% and the 95% con-
fidence interval for the (annual) convergence rate is —8% to
—1%. This empirical evidence is consistent with the conditional
convergence hypothesis.

4.3 Why Partialling-out Works: Neyman
Orthogonality

Neyman Orthogonality

In the Double Lasso approach, « is the target parameter and 1

are nuisance projection parameters® with true value

1’ = ow: Vyw)”

As the learned value & of a depends on the values of the
nuisance parameters, it is useful to explicitly consider the
dependence of & on the nuisance parameters:

a(n).
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Table 4.1: Estimates for the conver-
gence coefficient. We report specifi-
cation robust standard errors with
finite sample correction, i.e., "HC1."

3: Nuisance parameters refer to pa-
rameters that must be learned or
otherwise adjusted for in order to
learn the parameter of interest but
are not of direct interest themselves.
That is, they are nuisances - we’d
like to ignore them if we could.



4 Statistical Inference on Predictive Effects in High-Dimensional

Linear Regression Models

For the majority of the estimation processes we will describe in
this book, we can construct a population analogue

a(n)

of the estimator @(7), such that the in-sample estimation proce-
dure converges to it, in a formal sense.

For instance, the Double Lasso process constructs the residu-
als
Yi(n) =Y; —mW;, Di(n) = D; — nyW;

and then obtains d(n) as the solution to the empirical estimating
equation

M(a, ) := E4[(Y() — aD(n))D(n)] = 0.

This process implicitly defines the function &(r). We can think
of the population analog of this process, where we construct
the residuals

Y() =Y -nW, D(n)=D-mW
and solve the population moment equation

M(a, 1) := E[(Y(1) = aD(m)D(m)] = 0, (4.3.)
which again implicitly defines the function a(n).

The main idea of the Double Lasso approach is that, in the
population limit, it corresponds to a procedure for learning
the target parameter a that is first-order insensitive to local
perturbations of the nuisance parameters around their true
values, n°:

dpa(n®) = 0. (4.3.2)

We will call the local insensitivity of target parameters to nui-
sance parameters as in (4.3.2) Neyman orthogonality of the
estimation process.

Neyman orthogonality is important for providing high-quality
estimation and inference, especially in high-dimensional set-
tings. In high-dimensional settings, we use regularization pro-
cedures to estimate the nuisance parameters as solutions to
suitable prediction problems. The use of regularization gen-
erally results in bias, and we may heuristically view using
regularized estimates of nuisance parameters as plugging in
estimates of these parameters that are close to, but not exactly
equal to, the true values of the nuisance parameters 77°. Neyman
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Formally, we use 8,] to denote the
Gateaux derivative. See Remark
10.4.2 in Chapter 10 for more de-
tails.
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orthogonality, which guarantees that the target parameter is
locally insensitive to perturbations of the nuisance parameters
around their true values, then ensures that this bias does not
transmit to the estimation of the target parameter, at least to the

first order.

Let us prove the claim d,a(1°) = 0 for the Double Lasso process.
Since the function a(n) is implicitly defined as the solution to
the equation M(a, 1) = 0, by the implicit function theorem and

letting a = a(n°):

dha(n’) = —d;M(a, 170)_18,7M(0¢, n°).

Here

3T7M(a/ 170)

consists of two components

InM(a, n°) = E[WD(1°)] = E[W(D — yp,yW)] = 0

and

In,M(a,n’) = - E[WY(nO)] + 2E[0¢Wf)(170)]
= —E[W( -3y W)] + 2E[aW(D -y, W)] = 0.

We summarize the discussion as follows:

if

ter.

Neyman Orthogonality. The parameter of interest o that
depends on nuisance parameters 1 with true value 1° is
Neyman orthogonal with respect to these parameters if

dha

If the parameter « is defined as a root in a of the equation
M(a,n) = 0, which depends on the nuisance parameters 7
with true value 11°, then the equation is Neyman orthogonal

IZM(a,1°) = 0.

The principle is applicable to problems outside the high-
dimensional linear model problem considered in this chap-

(n°) =0.

111


https://en.wikipedia.org/wiki/Implicit_function_theorem
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What Happens if We Don’t Have Neyman
Orthogonality?

If we don’t have Neyman orthogonality, we should not expect
to get high-quality estimates of the target parameters. For
example, a seemingly sensible approach that one might consider
for statistical inference in the high-dimensional linear model
context is as follows:

(Invalid) Single Selection/Naive Method.

In this invalid method, one applies Lasso regression of Y on
D and W to select relevant covariates Wy, in addition to the
covariate of interest, then refits the model by least squares
of Y on D and Wy. Inference for the target parameter is
then carried out using conventional inference based on the
latter regression.

Despite its simplicity and seeming intuitive appeal, the ap-
proach outlined above is not a valid approach if the goal is
to perform inference on a. It is a fine approach if the goal is
solely the prediction of the outcome, but it can result in very
misleading conclusions about the parameter of interest ¢, as
we demonstrate in Example 4.3.1 below.

The naive approach outlined above relies on the moment con-
dition
M(a,b) = E[(Y —aD - b’'W)D] = 0.

When b = f, this moment condition is satisfied by the true
value, a = «. In this case, t coincides with the classical moment
condition for a underlying low-dimensional ordinary least
squares which sets prediction errors to be orthogonal to each
predictor variable.

However, this moment condition does not exhibit Neyman
orthogonality since

dpM(ar, p) = E[]DW] # 0

unless D is orthogonal to W.* Because M(a, b) is not Neyman
orthogonal, the bias and the slower than parametric rate of

convergence,
\/slog(p vV n)/n,

of our estimate of B’W will transmit to bias and slower than v
convergence in estimates of a provided by solving the empirical
analog of M(a, b). The "Single Selection" procedure outlined

112

4: In "pure" RCTs where treatment
is assigned independently of ev-
erything, D’s are orthogonal to W,
after de-meaning D, so Neyman or-
thogonality automatically holds in
this setting.
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above exactly provides the solution to this moment condition.

Consequently, while this naive procedure provides an estimator
of a that will approach the true value in large samples (at
a slower than v/n-rate), the bias of the estimator converges
too slowly for standard inference methods to provide reliable
inference.

We can set up a simulation experiment to verify that this naive
approach provides low-quality estimates for «.

Example 4.3.1 In R Notebook with Experiment on Orthogonal
vs Non-Orthogonal Learning and Python Notebook with
Experiment on Orthogonal vs Non-Orthogonal Learning,
we compare the performance of the naive and orthogonal
methods in a computational experiment where p = n = 100,

Bi =1/ (ypw); = 1/j% and
Y:1~D+ﬁ’w+€y, W~N(0’1)’ SY"’N(O,l)

D=y,yW+D, D~N(©,1)/4

From the histograms shown in Figure 4.1, we see that the
naive estimator is heavily biased, as expected from the lack of
Neyman orthogonality in its estimation strategy. We also see
that the Double Lasso estimator, which is based on principled
partialling-out such that Neyman orthogonality is satisfied,
is approximately unbiased and Gaussian.

Distribution of Estimates (Centered around Ground Truth)

s

The reason that the naive estimator does not perform well is
that it only selects controls that are strong predictors of the

outcome, thereby omitting weak predictors of the outcome.

However, weak predictors of the outcome could still be strong
predictors of D, in which case dropping these controls results
in a strong omitted variable bias. In contrast, the orthogonal
approach solves two prediction problems — one to predict Y
and another to predict D — and finds controls that are relevant

113

Figure 4.1: Left Panel: Simulated
distribution of the naive (single-
selection) non-orthogonal estima-
tor centered around the true value.
Right Panel: Simulated distribu-
tion of the orthogonal estimator
centered around the true value.


https://colab.research.google.com/github/CausalAIBook/MetricsMLNotebooks/blob/main/PM2/r_orthogonal_orig.irnb
https://colab.research.google.com/github/CausalAIBook/MetricsMLNotebooks/blob/main/PM2/r_orthogonal_orig.irnb
https://colab.research.google.com/github/CausalAIBook/MetricsMLNotebooks/blob/main/PM2/python_orthogonal_orig.ipynb
https://colab.research.google.com/github/CausalAIBook/MetricsMLNotebooks/blob/main/PM2/python_orthogonal_orig.ipynb
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for either. The resulting residuals are therefore approximately
"de-confounded."

4.4 Inference on Many Coefficients

If we are interested in more than one coefficient, we can repeat
the one-by-one Double Lasso procedure for each of the coeffi-
cients of interest and obtain valid estimation and inference on
each component under regularity conditions.

We consider the model

p1 p2
Y, = 2 aDe + X BW +e
Outcome =1 | j=1 |
Target Predictors Controls

where we use Dy for ¢ = 1, ..., p1 to denote the predictors of
interest and Wj for j =1, ..., p2 to denote other predictors in
the model. Here, both the number of predictors of interest, p1,
and the number of additional variables, p», can both be very
large.

There are at least three motivations for considering many coeffi-
cients of interest:

» there can be multiple policies whose predictive effect we
would like to infer;

» we can be interested in heterogeneous predictive effects
across pre-specified groups;

» we can be interested in nonlinear effects of policies.

This setting encompasses examples where we are interested in
heterogeneous effects, where D;s are generated as

D[ = D()X(, { = 1,...,]91,

where Dy is a base variable of interest — for example, a treatment
indicator, a price, or a group indicator — and (X{)?il are known
transformations of controls W — for example, various subgroup
indicators.

The setting also encompasses cases where nonlinear effects are
of interest. For example, we could consider D,’s generated as
polynomial transformations of a multi-valued base variable,
such as a price:

Di=D{, t=1,..p:.

114
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We could further interact these transformations with other
variables to study nonlinear heterogeneous effects.

One by One Double Lasso for Many Target Parameters.
Foreach? =1, ..., p1, we apply the one-by-one Double Lasso
procedure for estimation and inference on the coefficient
ay in the model

Y =aDe+yWe+e, Wp=((Di)yp W)

Under approximate sparsity conditions, the Double Lasso
method provides a high-quality estimate & = (dy ?il of a =
(ag)zil that is approximately Gaussian. We can thus easily
construct individual confidence intervals or even joint confi-
dence bands. Under regularity conditions, these results allow
for simultaneous inference on p; > n coefficients.

Theorem 4.4.1 (Double Lasso for Many Coefficients) Under
reqularity conditions including approximate sparsity as in Defi-
nition 3.1.1 with parameters (A, a) with a > 1 in all partialling
out steps and provided (log p1)° /n is small, we have the adaptivity

property,
Vlog p1 P |Vn(a; — ap) — (E4[DF]) ' VnE,[Dye]| ~ 0,
=P1
and, consequently, the Gaussian approximation

\/E(ét = a) 2 N(O/ V)/

where _ )
Vir = (E[D;])"'E[D¢Dre*(E[DF]) "

Recall that the above distributional approximation formally
means that

P(\/ﬁ(@—a) e R) _P(N(0,V) € R)| - 0,

sup
Rex

where R is a collection of all (hyper) rectangles. The latter result
allows the construction of simultaneous confidence bands on all
target parameters a,’s of the form:

Qe £ C\/er/n] ,

The critical value ¢ in the simultaneous confidence band is

—~
CR =X,_,

115
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chosen so that
P(a € CR) = P (\/E(a ~ &) e Vn(CR - @))

=P (\/E(ag —y) € [ic\?%z] Vel ...,P1})

~1l—a

where 1 — a denotes the confidence level.

The use of a simultaneous confidence band when looking
at multiple coefficients allows us to control the probability
that even one coefficient from the set we are investigating
falls outside of the interval. For instance, a 95% simultaneous
confidence band implies that, if we were to repeat the data There is nothing special about 95%
sampling process many times, then in 95% of these repetitions here. You could replace all in-

. . s . . t ith 1 -aif inter-
all coefficients would lie within their respective interval. sanee W 217 you were ier
ested in (1 — a)% confidence state-

On the contrary, standard 95% confidence intervals for each ments.
coefficient — typically referred to as "marginal confidence in-
tervals" — only guarantee that separately each coefficient falls
in its interval in 95% of the experiments. However, these suc-
cess events for different coefficients can happen on different
repetitions. In the worst-case, these success events could be
independent random variables with success probability 95%.
In this case, the probability that we observe one failure when
we look at p; coefficients could be much larger than 5%; i.e.
1 — P(no confidence interval failed) = 1 — (1 — 0.05)"* > 0.05
and approaches 1 as p; grows.

These properties mean that marginal confidence intervals are
generally inappropriate for judging statistical relevance when
multiple coefficients are of interest. For example, if we declare
any variable whose marginal 95% confidence interval excludes
zero "statistically significant" or a "discovery," the probability
that we mistakenly make discoveries —in the sense of claiming a
coefficient is not zero when it in fact is —is not 0.05 but potentially
substantially larger, e.g. 1 — (1 — 0.05)"! under independence
of success events. If instead we report a 95% simultaneous

confidence band, this probability of making false discoveries is 5: If one is particularly interested
at most 0.05. Of course, false discovery rate control is only one in false discovery rate (FDR) con-
reason why one might care about the stronger guarantee that ~ trol, then more tailored procedures

could potentially be less conserva-
tive than the simultaneous confi-
dence band and can be combined
with the marginal confidence inter-
Remark 4.4.1 (Details on critical values) It can be shown that val and marginal p-value construc-
tions we provide in this book. See
e.g. [4]. See also [5] for more on FDR
control and the use of multidimen-
sional Gaussian approximations.

a simultaneous confidence band provides. > For a survey on
simultaneous inference in high dimensions see [6].
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an "ideal" choice of ¢ is

c = (1 -a)— quantile of ‘N (0, D‘1/2VD—1/2)H )

where D = diag(V) is a matrix with variances (Vgg)’;il on the
diagonal and zeroes off the diagonal. The critical value ¢ can
therefore be approximated by simulation plugging in V = V.
Please see [6], for example, for more details. Note that c is
generally no smaller than the (1 — a/2)-quantile of a N(0, 1),
so the simultaneous confidence bands are always no smaller
than the component-wise confidence bands.

Discovering Heterogeneity in the Wage Gap
Analysis

We apply the Double Lasso method to analyze heterogeneity
of wage gaps using our CPS 2015 data. As in Chapter 1, we
use the log hourly wage as the outcome variable. To explore
heterogeneity, we interact the female indicator with group
indicators capturing education groups (Some High School
(shs), High School Graduate (hsg), Some College (scl), College
Graduate (clg), Advanced Degree (ad)), region indicators — Mid-
west (mw), South (so), West (we)) and a fourth degree polyno-
mial in experience (exp1= Experience, exp2= Experiencez/ 100,
exp3= Experience®/1000, exp4= Experience*/10000). In total
these are 12 target parameters corresponding to the 11 interac-
tive variables and the non-interactive variable that corresponds
to the female indicator. All engineered variables used for hetero-
geneity were de-meaned prior to taking the interaction with sex,
while the sex variable was not de-meaned. Hence, the interaction
coefficients can be interpreted as "predictive effect modifiers,"
and the coefficient associated with the non-interactive variable
sex as the average predictive effect. As additional variables, we
also include all pairwise interactions of the aforementioned
variables (excluding sex), as well as one-hot-encodings for occu-
pation and industry sector, providing 990 engineered features.
All engineered variables used as controls were also de-meaned
prior to estimation.

Table 4.2 provides estimated coefficients, standard errors, point-
wise p-values, and the 95% simultaneous confidence band for
the coefficients on sex and its interactions with the schooling
(shs, hsg, scl, clg, and ad), region (mw, so, and we), and expe-
rience (exp1, exp2, exp3, and exp4) variables described above.
Rows give variable names with "*" indicating interaction; e.g.
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R Notebook on Double Lasso for
the Heterogeneous Wage Gap and
Python Notebook on Double Lasso
for the Heterogeneous Wage Gap
provide code for the wage gap il-
lustration.
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Std. Sim. Band

Estimate Error p-value lower upper

sex -0.07 0.02 0.00 -011  -0.02
sex:shs -0.20 0.11 0.07 -0.53 014
sex:hsg 0.01 0.05 0.80 -0.14 0.16
sex:scl 0.02 0.05 0.65 -0.12 0.17
sex:clg 0.06 0.04 0.16 -0.08  0.20
sex:mw -0.11 0.04 0.01 -0.23  0.01
Sex:so -0.07 0.04 0.07 -0.19  0.04
sex:we -0.05 0.04 0.22 -018  0.07
sex:exp1 0.02 0.01 0.01 -0.00 0.04
sex:exp2 0.02 0.05 0.64 -0.12 0.17
sex:exp3 -0.05 0.03 0.10 -0.16  0.06
sex:exp4 -0.01 0.00 0.00 -0.01 -0.00

the row sex*shs provides results for the interaction between sex
and shs.

Looking coefficient by coefficient, we see evidence that having
a college degree increases the predictive effect, i.e. decreases
the wage gap, while the largest increase in wage gap occurs for
the least educated workers. However, as judged by pointwise
p-values, these heterogeneities are not statistically significant
at the usual 5% level. We also see that the wage gap is pre-
dicted to be larger in the Midwest region, and this is effect is
statistically significant at the 5% level based on the marginal
p-value. However, care should be taken when looking at point-
wise results. The simultaneous confidence regions are relatively
wide and include 0 for all coefficients except for the main effect
on sex, suggesting that it may be difficult to draw any strong
conclusions about heterogeneity of predictive effects in this
example.

4.5 Other Approaches That Have the
Neyman Orthogonality Property

Double Selection

One way to fix the naive "single selection" approach outlined in
Section 3 would be to have "double selection:

Double Selection
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Table 4.2: Estimates of Heteroge-
neous Predictive Effects in the CPS
2015 data. Row labels correspond
to variable names as described in
the text; e.g. the row "sex*shs" corre-
sponds to the interaction between
sex and shs (a dummy for having
completed some high school). Es-
timated coefficients and standard
errors are given in the "Estimate”
column and "Std. Error" column
respectively. The marginal p-value
is given in the "p-value" column.
The remaining columns "Sim. Band
lower" and "Sim. Band upper" pro-
vide the lower and upper bounds of
the simultaneous confidence band
for each variable.
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» find controls Wy that predict Y as judged by Lasso;

» find controls Wp that predict D as judged by Lasso;

» regress Y on D and the union of controls Wy U Wp;
proceed with standard inference.

This procedure is approximately equivalent to the partialling
out approach, and therefore inherits the orthogonality property.
This approach is more conservative compared to single selection,
as it makes sure that we have not omitted controls that are strong
confounders for D. It therefore guards against large omitted
variable biases.

Desparsified Lasso

Yet another procedure that has the orthogonality property and
is approximately equivalent to the partialling out approach
under suitable conditions is desparsified Lasso.

This approach uses the fact that a = a solves the equation,
M(a,n) = E[(Y —aD - b'W)D(y)] =0,

when n = (b',7") =n° := (B, ypy) for ypw the best linear
predictor coefficient from regressing D onto W and

D(y)=D—y'W.
One can verify that

a(n) = (EDD())) " E[(Y -'W)D(»)],

and that
a=an’).

Further, the moment condition is Neyman orthogonal — verifi-
cation of which is left to the reader — which implies that

ana(no) =0,

similarly to the argument for Double Lasso.

Desparsified Lasso

» Run a Lasso estimator with suitable choice of A as
discussed in Chapter 3 of Y on D and W, and save
the coefficient estimate f3.
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» Run a Lasso estimator with suitable choice of A as
discussed in Chapter 3 of D on W and save the
coefficient estimate 7.

» The estimator & is then the solution of the empirical
analog of the moment condition above:

Eq[(Y —aD —'W)D(7)] =0,
which has the explicit form
&= (E[DD()) " Ex [(¥ = WD),

where f§ and J are Lasso estimators.

Estimators of this form are referred to in econometrics as
"instrumental variable estimators." In purely technical terms,
we are using residualized D to "instrument" for D.

Revisiting the Price Elasticity for Toy Cars

Next, we revisit the example from Chapter 0. We are interested
in the coefficient « in the high-dimensional linear regression
model:

Y=aD+p'X +g,

where Y is log-reciprocal=sales-rank, D is log-price, and X =
(1, W) with product features W. We here take X to be the
same 11546-dimensional transformed regressors as described in
Chapter 0, constructed from product brand, subcategory, and
physical dimensions. Here we have p > n = 9212, so OLS is
underspecified, and even if we consider a specific solution to
the normal equations such as the one with the minimum norm,
standard errors are unavailable or unreliable. We can still run
OLS when we subset the regressors, or equivalently impose that
the coefficients on the rest are zero. In Table 4.3 we report the
results for such an approach with OLS with three specifications
of increasing size: p = 243 with only subcategory features (as
in Chapter 0), p = 2069 after also adding brand features, and
p = 2073 after also adding log of the physical dimensions
features (but without any transformations or interactions). We
see that in all cases we cannot exclude 0 from the confidence
interval, while the more flexible we make our model (larger p),
the more negative our estimates and confidence intervals.

Next, we consider estimating elasticities using double lasso,
double selection, and desparsified lasso applied to all p = 11546
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features. In all cases, we pick the regularization parameter by
5-fold cross validation (for the regression of each of Y and D).
Then we apply the three methods using the lasso models fit
or the variables chosen by them. The results are reported in
Table 4.3. We see that all three methods result in confidence
intervals that are strictly negative, in agreement with the theory
that increasing price for any one product decreases its sales.

Estimate Std. Error 95% CI

OLS (p = 242) 0.005 0.016 [-0.026, 0.036]
OLS (p = 2068) -0.003 0.021 [-0.045, 0.039]
OLS (p = 2072) -0.033 0.022 [-0.076, 0.010]
Double Lasso -0.064 0.018 [-0.099, -0.029]
Double Selection -0.074 0.019 [-0.111, -0.037]

Desparsified Lasso ~ -0.062 0.017 [-0.096, -0.028]

Notebooks

» R Notebook with Experiment on Orthogonal vs Non-
Orthogonal Learning and Python Notebook with Ex-
periment on Orthogonal vs Non-Orthogonal Learning
presents the simulation experiment comparing orthogo-
nal (partialling-out) with non-orthogonal learning (naive
method).

» R Notebook with Hard Sparsity on Orthogonal vs Non-
Orthogonal Learning and Python Notebook with Hard
Sparsity on Orthogonal vs Non-Orthogonal Learning
presents an alternative simulation to that shown in the
main text comparing orthogonal (partialling-out) with
non-orthogonal learning. In this simulation, we consider
orthogonal and non-orthogonal learning in a stylized
treatment effects simulation.

» R Notebook on Double Lasso for Growth Convergence
and Python Notebook on Double Lasso for Growth Con-
vergence presents a Double Lasso analysis of the condi-
tional convergence hypothesis in growth economics.

» R Notebook on Double Lasso for the Heterogeneous
Wage Gap and Python Notebook on Double Lasso for
the Heterogeneous Wage Gap presents a Double Lasso
analysis of the heterogeneous wage gap.
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Table 4.3: Estimates for price elastic-
ity. We report specification robust
standard errors with finite sample
correction, i.e., "HC1." All non-OLS
methods have p = 11546.
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Notes

We mainly follow the Double Lasso approach developed in
[7] and [8], because it is nicely connected to partialling out
and will later generalize seamlessly to double machine learn-
ing [9]. Desparsified Lasso was developed by [10] and [11]; a
closely related approach is the debiased Lasso proposed by [12].
The double selection method was developed by [13] and [14].
Inference on many coefficients using Double Lasso was first
developed by [15] and [16]. [17] provide results for Double Lasso
with clustered dependence. The Double Lasso and desparsified
Lasso approaches have also been extended to time series and
many time series by [18]. Both [17] and [18] take into account
the temporal dependencies in the data when fitting Lasso and
performing inference on the coefficients of interest.

Failure of single selection even when p is small is discussed in
simple terms in [14], but the problem was first systematically
examined by [19]. A recent paper [20] develops debiasing meth-
ods for shape constrained high-dimensional linear regression
models.

[6] provide a recent survey on methods for simultaneous infer-
ence in high-dimensional settings.

For an in-depth analysis of heterogeneity in the wage gap based
on Lasso, we refer to [21].

Study Problems

1. Experiment with the first notebook, R Notebook with
Experiment on Orthogonal vs Non-Orthogonal Learning
or Python Notebook with Experiment on Orthogonal
vs Non-Orthogonal Learning. Try different models. For
example, try different coefficient structures for g and ypw
and/or different covariance structures for W. Provide an
explanation to a friend for what each step in the Double
Lasso procedure is doing.

2. Explore R Notebook on Double Lasso for Growth Conver-
gence or Python Notebook on Double Lasso for Growth
Convergence. Provide an explanation to a friend for what
each step in the Double Lasso procedure is doing. Explain
the empirical results to a friend. Experiment with making
the set of controls more flexible and higher-dimensional
by adding nonlinear and/or interaction terms that seem
potentially interesting. Comment on how the results differ
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from the baseline results.

3. Explore R Notebook on Double Lasso for the Heteroge-
neous Wage Gap and Python Notebook on Double Lasso
for the Heterogeneous Wage Gap. Provide an explanation
to a friend for what each step in the inference procedure
is doing. Explain the empirical results to a friend.

4. Verify that Neyman orthogonality holds for the "de-
sparsified" Lasso strategy.

4.A High-Dimensional Central Limit
Theorems™

Let Xj, ..., X;; be independent (but not necessarily identically
distributed) random vectors with dimension p. Assume that
Xi’s have mean zero (otherwise, work with X; — E[X;] instead
of X;). Consider the scaled sample mean

1 n
Sn:_ XZ'
Vi &

Let G, 0 be given positive constants such that ¢ < 7, and let
B, > 1be a sequence of constants that may diverge as n — oo.
LetX, =E[S,S),]=n"" Z?:l E [X,Xl'] Also, let & denote the
collection of closed rectangles in R”.

We first present a high-dimensional CLT over the rectangles
under a sub-exponential condition on the coordinates. Suppose
that the coordinates of Xj, ..., X, are sub-exponential with
scale B,;, then

sup [P(S, € R) = P(N(0,%,) € R)| ~ 0, (4.A.1)
ReR

provided that B2 log®(pn)/n ~ 0. Note that this allows p to be
much larger than #n. It turns out that a similar result applies
without sub-exponential conditions, as stated formally below.

To state the results in a finite-sample form, let

1/4
PR B2 log’(pn) / and 617 . B2 (log(pn))3-2/1
Ln = n 2n " nl=2/q ’

for g > 2.
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Theorem 4.A.1 (High-Dimensional CLT, [22]) Suppose second

moments are non-degenerate, minj<, n=* 3" E XJZZ > 02, and

fourth moments obey maxj<, n™* 37 E [X]‘ll] < B%52

(A) If coordinates are subexponential, i.e., max;<y;j<p B [ele"l/B”] <
2, then

sup |P (S, € R) —P(N(0,X,) € R)| < Cb1,,
ReR

where C is a constant that depends only on o and G.

(B) If the envelope of the coordinates admits a moment bound
max;<p E [||Xl-||zo] < B! for some q > 2, then

sup [P(S, € R) = P(N(0,X,) €eR)| < C (51,11 M 6%)
ReR ,

where C is a constant that depends only on q, o and é.

Notably, the above theorem does not impose any restrictions on
the correlation structure between the coordinates of the random
vectors, so X is permitted to be singular.

As discussed in [23], the assumption of Part (A) is satisfied if, for
example, X]-i| < By, for all (7, j), but also allows for unbounded
coordinates. Part (B) covers the following scenario relevant
to regression applications: X; = €;v; where €; is a univariate
"error" term while v; € RP is a vector of fixed "covariates." In
this case, E [||Xi||zo] < |oillLE [|ei|q], so if the covariates are
uniformly bounded and the g-th moments of the error terms
are bounded, then B, = O(1). Notably this only requires €; to
have g = 2 + 6 bounded moments.

Often, statistics of interest are not exactly sample means, but can
be well approximated by sample means. For example, the Dou-
ble Lasso estimator, & = (E,[D?])'E,[DY] ~ (E[D?])'E,[DY],
takes this form. In order to claim a High-Dimensional CLT for
such statistics, we need the approximation error to vanish at

the rate faster than 1/+/log p.°

Lemma 4.A.2 (High-dimensional CLT for approximate sam-
ple mean) . Suppose that S,, obeys (4.A.1), but Sy, is not directly
available. Suppose instead that we have access to S, that approx-
imates S, such that §n = S, + R, with \/logp ||Ru|lc = 0.
Assume minj<, Ljj > 0. Then the same conclusion holds with

Sy replaced by S,.
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6: The requirement that approxi-
mation error, denoted R,;, vanishes
faster than 1/4/log p arises from the
fact that the maximum of a Gaus-
sian random vector N (0, Z) concen-
trates in (i.e., places a probability
mass of near 1to) a 1/4/log p- neigh-
borhood of its expected value, but
not in smaller neighborhoods (anti-
concentration). The approximation
error R, needs to be much smaller
than the size of the neighborhood.
Otherwise, the probabilistic errors
incurred by Gaussian approxima-
tion to the distribution of S can
be as large as 1, meaning that the
Gaussian approximation fails.
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The lemma follows from Nazarov’s anticoncentration inequality
for Gaussian vectors over rectangles; see [23] for the proof.
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